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Understanding the joint distributions of accounting variables is important for evaluating research
models which use such variables (such as the modified Jones model for identifying earnings
management). This paper is a step towards such understanding. It models the time-series
evolution of pairs of accounting variables. The polar-coordinate direction relating the variables is
shown to follow a mean-reverting process in many cases, but the logarithmic size does not. The
equilibrium distribution of the direction is a combination of the normal distribution and Dawson’s
integral. This gives explicit formulae for the distribution of most financial ratios; exceptions are
those such as return on equity, where both numerator and denominator can be negative. The
models are tested against cross-sectional data from firms in the US and elsewhere. The approach
yields a more sophisticated interpretation of the nonlinear mean-reversion of profitability found
by Fama and French (2000).
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Time-series properties of financial directions and ratios
1.

Introduction

This paper characterizes the time-series properties of pairs of accounting variables, and derives
explicit parameterized models for the equilibrium distribution of most but not all financial ratios.
The main exceptions are ratios, such as return on equity, where both numerator and denominator
variables might take negative values. For empirical work, the approach offers a practical way of
avoiding the use of ratios altogether, describing the relationship between two variables with a
proxy which is nearly normally distributed.
Understanding the distributions of accounting data is important because of the great body of
evidence that has accumulated from archival studies. For example, part 4 of the book by Ronen
and Yaari (2008) reviews the models used in the earnings management literature.1 The models
are carefully discussed in terms of their content, and then casually deflated for empirical work,
either with no explanation or with the explanation that this is to reduce heteroscedasticity. There
is no discussion of what effects deflation might have on the results of the empirical studies. But
deflation (that is, the use of ratios instead of dollars) is known to bias empirical results severely
(Barth and Kallapur 1996; Lev and Sunder 1979). Barth and Kallapur’s simulations suggest that
the best way to deal with heteroscedasticity is to include a scale variable as a regressor, then use
White standard errors.
Barth and Kallapur’s simulations, however, are partly but crucially based on normal distributions
whose parameters are fitted to actual data sets after eliminating firms with small or negative
earnings or equity. 2 Whether their advice would still hold if the simulations used more realistic
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This example is not to criticize the earnings management literature in particular: similar problems are unresolved in

almost every field of archival accounting research.
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For example (p. 538), the variable X is purely normal if uncorrelated with equity, the dependent variable Y is a

linear function of X with normal errors, and the simulated scale difference S-S' is normal.
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distributions is unknown, and without credible models of the distributions it is impossible to find
out.3
But even today, little is known of the distributions of accounting data and of ratios. Early work
focused on testing whether ratio distributions could be adequately fitted by particular standard
statistical models such as the normal, the gamma, or the stable distributions (Deakin 1976;
McLeay 1986; Lau et al. 1995) and on whether approximate normality could be achieved by
transformations and/or by deleting outliers (Frecka and Hopwood 1983; Ezzamel and MarMolinero 1990; Watson 1990). Broadly, the results of these studies tended to be sample-specific:
the distributions were typically highly skewed, long-tailed, and/or contaminated by frequent
outliers, and no particular process could consistently achieve normality.
Empirically, there is evidence of mean reversion of ratios over time (Lev 1969). Income is not
mean-reverting (Ball and Watts 1972), but profitability (income divided by assets) is meanreverting (Fama and French 2000).
There have also been attempts to develop models of ratio distributions from first principles:
Tippett (1990) developed a model leading to a log-normal distribution, and Ashton et al. (2004)
developed a specific non-standard model for the debt-equity ratio. However, neither of these
models admits negative values of the ratio, so they cannot be correct for many real ratios.
This paper is in the tradition of the work by Tippett (1990) and other authors, in that it develops a
formal model of the joint evolution of two accounting variables, leading to a general threeparameter model for the distribution of many ratios. Under no circumstances does that
distribution turn out to be normal.
The theoretical models of the distributions, despite their limitations, suggest that population
distributions of common ratios may have infinite or undefined moments (Ashton et al. 2004). In
that case, the corresponding sample moments must be inconsistent statistics. 4 This is consistent
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Such tests cannot be done on real data, because we do not know the true relationships. Simulated data sets are

required, in which known relationships have been constructed; but for the findings to be applicable in practice, the
simulated data sets must have realistic statistical properties.
4

Loosely, one may think of the sample moments, which must always be finite, trying to estimate infinite or

indeterminate population parameters. As the sample size increases, the sample moments become larger and less
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with the frequent occurrence of outliers – values that are too large to be compatible with a
distributional model – in data samples. Deleting the outliers stabilizes the statistic (Frecka and
Hopwood 1983), but does not alter the population moment, which is what is relevant for the
validity of various procedures and tests.5 It is thus important for methodological reasons to find
alternatives to the use of deflation (i.e. ratios) in empirical research. This paper offers such an
alternative.
Ideally, we would like a full theory of the joint distribution of financial variables and ratios. 6 This
paper does not offer that theory, but is a step towards it. It has four important innovations over
earlier work on ratios. First, it is carefully grounded in data, presenting plots at every stage of the
analysis so that the reader can judge the realism of the assumptions being made. Second, it is not
limited to non-negative ratios, but deals with ratios where either the numerator or the
denominator (but not both) can be negative. Accordingly, it does not require the empirical
researcher to delete firms with small, zero, or negative values of accounting variables. Third, it
explicitly deals with sets of related ratios such as Liabilities/Assets and Liabilities/Equity,
showing that they have different functional forms but with the same parameters. Finally, and
most important for research practice, it suggests a way in which the use of ratios can be bypassed
altogether, correcting for size and removing heteroscedasticity while providing a variable whose
moments are guaranteed to be finite and which in fact is nearly normally distributed.
The paper proceeds as follows. Section 2 presents a typical set of data, focusing on the variable
pair (Total Liabilities, Total Assets) for US manufacturing firms. Using a single data set is for
ease of exposition; similar results are obtained for other variable pairs and in other countries. The

stable, because increasingly large values turn up in the samples. No matter what the sample size, the sample
moments do not, and can not, give satisfactory estimates of the population parameters.
5

Deleting firms may also render the results unusable in practice. Consider distress-prediction models, for example:

firms with negative income and/or equity are of particular importance in practice, and any model which claims to be
of practical use must be able to deal smoothly with such firms.
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For example, to assess the Jones model (Ronen and Yaari 2008, p. 404), it would be helpful to understand the joint

distribution of deflated accruals, changes in revenue, and property plant and equipment, to understand whether the
relationships are in fact linear and what the error distribution might be. Such an assessment of the mathematical
realism of the model is separate from, and additional to, the usual assessment of the model’s accounting realism.
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data are presented both as a conventional (x,y) scatter plot and in a modified polar-coordinate
representation that will be fruitful for further analysis. The polar-coordinate direction is strongly
mean-reverting, while the radius (essentially a size measure) is not. Section 3 models the
direction as the standard Ornstein-Uhlenbeck process and shows that the equilibrium distribution
is a linear combination of the normal distribution and Dawson’s integral. Section 4 converts this
distribution to univariate distributions of various ratios derived from the original variable pair.
Section 5 concludes.

2.

The relationships between variables

This section examines the empirical relationships between a pair of variables (x,y) as a prelude to
examining the ratio x/y and related ratios such as x/(y–x). The discussion will be illustrated
primarily using the variables (Total Liabilities, Total Assets) for US manufacturing firms (SIC
codes 2000-3999) from 1989-2007. All data in this paper are sourced from Compustat or Global
Vantage.
Figure 1 is a detail of a scatter plot of this data (values in millions of dollars, largest firms omitted
for clarity). Both variables are non-negative. There is clearly a strong relationship between the
two variables.
Any firm-year can be located on this plot by specifying the (x,y) values. However, an alternative
way of locating the firm is to use polar coordinates. The firm at the tip of the arrow in Figure 1
can be located in conventional Cartesian coordinates as (x,y) = (150,700), or in polar coordinates
as (er,θ) = (715.9, 77.9 º). Since 715.9 = e6.57, it will be more convenient to represent the point as
(r,θ) = (6.57, 77.9 º). This representation is possible for every firm except one for which both
total assets and total liabilities are zero.
The variables r and θ are easily interpreted: r represents the (log-transformed) size of the firm in
so far as it is captured by these two variables, and θ represents the ratio between the two
variables. Specifically, x/y = cosθ/sinθ = cot θ, the cotangent of the direction θ. r may be
negative (if the size is less than $1 million), but θ may take values only between 0 and 90 º.
Hence, the ratio has the important disadvantage that it is unbounded as y approaches zero, while
the direction is always bounded between 0 and 90°.
The variables x and y may be represented in terms of r and θ by
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x = er cos θ

y = er sin θ

(1)

which gives unique values for θ corresponding to any given pair (x,y).
The size r and direction θ are not completely independent, but the relationship is weak, nonlinear,
and different for different datasets. For the sample dataset, the correlation between r and θ is only
-0.13, with the conditional mean of θ being independent of r for sizes greater than 6 ($400
million). As an extension of the modeling to be presented below, it would be possible to estimate
the model parameters as functions of r, but that will not be pursued here.
To motivate a dynamic model of the evolution of financial variables, consider the changes in r
and θ from year to year. Figure 2 shows a scatter plot of the change in r, rt+1 – rt, against r. This
plot is typical: there is a tendency for growth in size to be larger for firms with r < 0 (i.e. size less
than $1 million), but otherwise there is no strong relationship. Some heteroscedasticity is evident:
smaller firms experience relatively larger changes in log size. But little should be read into size
changes for small firms, because the data source undoubtedly has strong selection bias among
small firms.
Figure 3 summarizes the data from Figure 2. The dashed line is a linear regression with a slope of
-0.383, cutting the horizontal axis at a size of 8.31 ($4.1 billion). This implies a mean-reverting
process for size, with smaller firms tending to grow and larger firms tending to shrink. However,
the heavy solid line in Figure 3 presents the moving average (100 non-overlapping intervals
containing 270 firm-years each), which makes it clear that there is no point at which growth
becomes zero or negative: the slope of the regression line is an artifact caused by rapid growth in
smaller firms and slower growth in larger firms. 7 The light solid line presents the moving
standard deviation of changes in r, which appears to be roughly constant for larger firms but to
increase sharply for smaller firms. Similar behavior is found in samples of other pairs of
variables, from other industries, and in other countries. With differences of detail, the pattern
appears robust.
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Gibrat’s Law of Proportionate Growth, that changes in r are independent of r, seems to be supported for firms with

r greater than 3 ($20 million) but not for smaller firms. This is consistent with prior research but has been interpreted
as a result of sample bias (Lotti et al. 2007).
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Figure 4 shows a scatter plot of the change in direction θ as a function of θ, for the same data set.
Since θ lies between 0 and 90º in both years, the change in θ is bounded also: possible points lie
only inside the parallelogram. Six regions are also marked on the plot, and they have accounting
significance. Points with θ < 45º have liabilities exceeding assets (equity negative). In region A, θ
increases by enough that θ > 45º in the second year: that is, these are firms whose equity was
negative in the first year and positive in the second. For firms in region B, θ was initially less
than 45º, and increased in the second year but was still less than 45º: that is, equity was negative
in the first year and less negative in the second. In region C, equity was negative in the first year
and became more negative in the second; in region D, equity was positive and increased; in
region E, equity was positive and decreased but remained positive; and in region F, equity was
positive and became negative. The considerable number of points in regions B and C shows that
it is common for firms to persist in the database with negative equity for at least two (and often,
no doubt, more than two) years. There is also no sharp change in the density of points across the
boundaries, and nothing to suggest that some fundamental change occurs in firms that wander
from one region to another. Accordingly, findings may be biased in studies where firms with
small or negative equity (income, working capital, etc) have been deleted.
Figure 5 is comparable to Figure 3, but shows the change in θ as a function of θ. The linear
regression has a slope of -0.205 and cuts the θ axis at 62º. This is supported by the moving
average plot, which seems very nearly linear for directions above 30º. As Figure 4 shows, there
are relatively few firm-years with θ < 30º, so the departure from linearity will have little
importance. The standard deviation of directional changes appears fairly constant at about 8º for
θ > 45º, although it increases for smaller θ. Figure 5 provides strong evidence that the direction is
mean-reverting about a mean of roughly 62º.
Although the behavior in Figures 1-5 is typical, there are differences in some cases. Figures 6, 7,
and 8 replicate Figures 1, 4 and 5 for the variables x = EBIT and y = Total Assets, underlying the
ratio EBIT/Total Assets. The sample is again of US manufacturers. Fama and French (2000)
reported that this ratio8 is mean-reverting, but with a strongly nonlinear adjustment rate.

8

Fama and French used EBIT after tax in their work. The difference is unimportant for our purposes.

7

Figure 6 shows that the direction θ may now range from 0 to 180º, with θ=0 corresponding to the
ratio EBIT/TA being infinite, the ratio declining to zero as θ increases to 90º, and the ratio then
becoming negative for θ>90º and approaching negative infinity as θ approaches 180º.
Correspondingly, possible changes in θ for Figure 7 range from -180º to 180º.
Figure 8 shows somewhat different behavior from that in Figure 5. In the range from 80-120º or
so, there appears to be no mean-reversion tendency, although there is reversion towards this range
from outside it. Over this surprisingly wide range, corresponding to the ratio EBIT/TA between 0.6 (cot120º) and 0.2 (cot80º), it appears that the relationship between EBIT and TA may follow
a random walk. 9 This finding is similar to, but stronger than, that of Fama and French (2000).
There is one final point. Some important ratios, such as return on equity, involve two variables
both of which can take either sign. These variables can be represented in polar coordinates, but
the possible values of θ cover the entire circle from 0 to 360º. It becomes a problem, then, that all
functions of θ are periodic: θ+360º is identical in all respects to θ. Thus, values of x and y do not
uniquely specify θ, and in particular the change in θ is ambiguous. (For example, if θ is 300º in
one year and 20º in the next, has it increased by 80º or decreased by 280º?) Graphs analogous to
Figure 4, no matter how they are drawn, exhibit clusters of points which spread across the
boundaries and appear on opposite sides of the diagram. Consequently, the analysis to be
undertaken in the next sections cannot be applied to pairs of variables if both of them can be
negative.

3.

The Ornstein-Uhlenbeck process

The properties of the size variable r will not be considered further. From the previous section, the
following stylized facts about θ may be asserted:
1. θ is bounded, with the particular bounds depending on the possible signs of x and y.10
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A similar result occurs for this ratio in the set of all nonfinancial US firms, and also for nonfinancial British firms.

However, for Japanese and German firms there is mean-reverting behavior for all values of θ.
10

Provided that one or both variables is restricted to be non-negative.

8

2. The year-to-year change in θ is often approximately a linear function of θ (meanreverting).
3. The standard deviation of the change in θ is roughly independent of θ over the range
where most firms are actually found.
These considerations suggest that the evolution of θ over time can be modelled by the standard
Ornstein-Uhlenbeck process (Cox and Miller 1965, p. 225). Suppose that u = θ - ϕ evolves in
accordance with the continuous-time stochastic differential equation
du = – βu dt + σ dz

(2)

where dz is a standard Gauss-Wiener stochastic process, and β and σ are positive constants. Here
β measures the intensity with which θ is drawn back towards its target direction ϕ, and σ2 is the
instantaneous variance of the process.
When there are no boundaries on u (or equivalently on θ), it is well-known that the probability
density of u is normally distributed (Cox and Miller 1965, p. 226) with mean u0e-βt where u0 is the
initial value, and variance (σ2/2β)(1 − e-2βt). Eventually the distribution approaches an
equilibrium: a normal distribution with mean 0 and variance (σ2/2β).
When θ is bounded, however, a second solution is possible. The time-dependent solution is not
known, but the equilibrium distribution is shown in Appendix A to be



f(θ) = C1 exp − β2(θ − ϕ)2 + C2 D β(θ − ϕ) 
σ


  σ

(3)

where Dawson’s integral11 (Abramowitz and Stegun 1965, pp. 298, 319) is defined as
x

D(x) = e

−x 2 ⌠

2

t
⌡ e dt

(4)

0

and the constant C1 must satisfy the normalisation condition ⌠
⌡f(θ)dθ = 1.

11

Dawson’s integral is commonly represented by the notation F(x). A different notation is adopted here in order to

avoid confusion with probability distribution functions.

9

The general solution in equilibrium is thus a linear combination of a normal distribution with
mean ϕ and variance (σ2/2β), but truncated at the boundaries of θ, and Dawson’s integral centred
at ϕ.
Dawson’s integral is an odd function of x,

D(x) = −D(−x), and falls off much more slowly (as

0.5/|x|) than the normal density for large x. Thus, if θ were unbounded, f(θ) would be negative for
some values of θ unless C2 were zero, and so only the normal distribution is possible when the
variable is unrestricted. This is the well-known solution previously mentioned.
When θ is bounded, however, C2 need not be zero, although the conditions that f(θ) must be
positive at both boundaries impose severe restrictions on C2. The effect of including a small
multiple of Dawson’s integral is that f(θ) is nearly, but not quite, a normal distribution. This is
important for empirical work, because it shows that θ can be used to represent the relationship
between x and y with a proxy which is nearly normal.
It is not known how quickly the distribution of θ approaches equilibrium, and therefore it is an
empirical question whether the distribution of θ is in fact given by equation (3) to a satisfactory
approximation. If the equilibrium distribution is applicable, it applies to all firms (assuming that
the parameters are not strongly dependent on r as previously discussed), and thus the distribution
can be examined in cross-section. In contrast, raw accounting data cannot approach equilibrium if
firms of all sizes continue to grow, and so cross-sectional distributions of financial variables
cannot be used to make direct inferences about the time-series processes involved. The next
section considers equilibrium distributions of ratios, both because they are of importance for
empirical work and because they can help to assess the realism of the models proposed here.

4.

Steady-state distributions of ratios

From the distribution of θ = cot(x/y), it is possible to derive the distribution of various ratios
involving x and y. When some ratio z is a function of θ, the density function g(z) is given in terms
of the density function f(θ) by
dθ
g(z) = f(θ)  
 dz 

(5)
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If directions are measured in degrees instead of radians, formulae for dθ/dz include a factor of
180/π. That factor will be ignored in this section, as it simply requires rescaling the normalizing
constant C1.

Case A: z = x/y
For the variable pair (x,y) = (Total Liabilities, Total Assets), z = x/y is the debt ratio. The
transformation is θ = cot-1z, for which dθ/dz = –1/(1+z2). Thus
g(z) =

 β

2
C1 
 β
-1
cot-1z - ϕ)
(
2  exp– 2(cot z - ϕ)  + C2 D
1+z 
 σ

 σ


(6)

The range of z depends on the range of θ, and the inverse cotangent must be taken in this range. If
x and y are both constrained to be non-negative but are otherwise unrestricted, then z runs from 0
to ∞, and cot-1z is taken in the range from 0 to 90º. In some cases, accounting restrictions may
constrain the range further. For example, for the variable pair (Current Assets, Total Assets), total
assets cannot be less than current assets. Consequently, θ must lie between 45º and 90º, and z
must lie between 0 and 1.
If z is very large, cot-1z is nearly 0 and so g(z) becomes approximately

C1   βϕ2
β
 ~ 1/z2
g(z) ≈
2 exp– 2  + C2 D -ϕ
1+z   σ 
σ



(7)

Thus the debt ratio (and similar ratios such as the current ratio) has no finite moments.
If x can be negative but y cannot be, then z can generally take any positive or negative value.
Equation (6) still applies, and cot-1z is taken in the range from 0 to 180º. When z is large and
positive, cot-1z is nearly 0 and equation (7) applies as the limiting behaviour; when z is large and
negative, cot-1z is nearly 180 and the limiting behaviour is
 β

C1   β(180–ϕ)2
g(z) ≈
+ C2 D
(180–ϕ) ~ 1/z2

2 exp–
2
1+z  
σ

 σ


(8)

Note, however, that the scale coefficients are not equal at the two extremes, so the distribution is
strongly asymmetrical and it has no finite moments. This model would typically apply to such
ratios as EBIT/Total Assets, Working Capital/Total Assets, and Gross Margin/Sales. (For both of
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the last two ratios, accounting requirements restrict θ to the range from 45º to 180º and restrict
the ratio to no more than 1.)
If x cannot be negative but y can be, then z can generally take any positive or negative value.
Equation (6) still applies, but cot-1z must be taken in the range from -90º to 90º. When z is large
and positive, cot-1z is nearly 0 and equation (7) applies as the limiting behaviour; when z is large
and negative, cot-1z is again nearly 0 and equation (7) again applies. In this case, the ratio
distribution is symmetrical in the left and right tails, although it will not be symmetrical in the
center. The mean is indeterminate (although it will have a finite principal value), and the standard
deviation is infinite. This model would typically apply to such ratios as Liabilities/Equity (for
which θ is restricted to the range from -45º to 90º) and Price/Earnings.

Case B: z = x/(y–x)
As just mentioned, the Liabilities/Equity ratio can be obtained from the variable pair (x,y) =
(Total Liabilities, Equity); but it can also be obtained from the pair (x,y) = (Total Liabilities, Total
Assets), using the identity Equity = Assets – Liabilities.
The ratio required is z = x/(y–x) = 1/(tanθ – 1), and the transformation is θ = tan-1(1+1/z), with
dθ/dz = 1/(2z2 + 2z + 1). So the density function for the ratio is
g(z) =

C1
  β  -1 1 2


1
exp – 2tan  1+z  - ϕ + C2 D βtan-1 1+z  - ϕ

2z +2z+1   σ 


σ
2

(9)

If both x and y are non-negative, then θ = tan-1(1+1/z) must be taken in the range from 0 to 90º.
The only possible values of z are either less than or equal to –1 or greater than or equal to zero.
No possible values of Assets and Liabilities can produce a debt/equity ratio in the range between
-1 and 0. As z becomes very large (either positive or negative), tan-1(1+1/z) approaches 45º, so
the limiting behavior is g(z) ~ 1/z2 symmetrically in both tails.
For the variable pair (x,y) = (Total Liabilities, Total Assets), the equilibrium distribution of θ is
given by equation (3), with particular parameters C2, ϕ,

β/σ and scale factor C1. From that

distribution, the distribution of the debt ratio is given by equation (6) and of the debt/equity ratio
by equation (9), both with the same parameters. Thus, accounting identities such as Assets =
Liabilities + Equity induce relationships between distributions of related ratios. The distributions
are not the same, but they have the same parameters.
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Examples
Figures 9 and 10 show histograms for the debt ratio and the debt/equity ratio for US
manufacturers, with the model distributions of equation (6) and (9) respectively. The parameters
were fitted by maximum-likelihood 12 to the values of θ, and are C1 = 1.67, C2 = -0.11, ϕ = 67.0º,
and

β/σ = 0.05 for both figures. The fits appear reasonable, although there is a double-humped

feature in the data which is not present in the model. Fits in the tail region appear quite good. 13
Figures 11 and 12 show the histograms and fitted distributions for the profitability ratio
EBIT/Total Assets, for US and for Japanese manufacturers. As noted in Section 2, for US
manufacturers this distribution of θ does not appear to be mean-reverting over a significant part
of its range, corresponding to ratios from about -0.6 to 0.2. If θ follows a random walk in this
region, and consequently is effectively uniformly distributed here, then f(z) should decline in
proportion to 1/(1+z2) over that range of ratios. Figure (11) shows that there is indeed a long and
slowly declining left tail in this region, which equation (6) does not model correctly. No such tail
occurs in Figure 12, just as the direction appears to be consistently mean-reverting for Japanese
manufacturers. The ratio distributions thus provide further evidence that profitability does not
appear to be mean-reverting for US manufacturers over an economically significant range of
values. The economic factors or managerial incentives driving this behavior remain to be
understood.

4.

Discussion and conclusion

This paper has presented a further step towards understanding the evolution and distribution of
accounting variables in firms, together with a tool for empirical work which avoids the
difficulties introduced by the use of ratios to control for size. It has been shown that a modified
polar-coordinate representation can be used to describe a pair of financial statement variables,
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Dawson’s integral is not a commonly-used function, and is not easy to compute. Appendix B explains the method

used to compute Dawson’s integral, and its integral, in order to fit the parameters.
13

A formal test of goodness of fit is not presented, because with very large samples every model will be rejected, as

the tests can detect quite small and unimportant differences between model and data. What matters is whether the
model is close enough to be satisfactory.
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provided that they are not both allowed to take negative values. The radius is a size measure; this
allows logarithmic transformation of firm size, which cannot be done for individual financialstatement variables because they can be zero or negative. The direction captures all of the
information normally expressed in ratios, but can be applied to all firms: there is no need to delete
firms whose denominator is small, zero, or negative.
Evidence has been provided that the direction θ is often mean-reverting; but for the variable pair
EBIT and Total Assets the direction appears to follow a near-random walk over part of its range
for US firms. This is consistent with the findings of Fama and French (2000), but provides more
precise information than their methodology allowed.
If the distribution of θ is mean-reverting, it can be modeled by an Ornstein-Uhlenbeck process,
and the equilibrium distribution has been shown to be a combination of the normal distribution
and Dawson’s integral. The direction θ thus measures the relationship between two variables as a
statistic which can be expected to be near-normally distributed. For empirical work, this provides
a practical alternative to the use of deflation, which is known to introduce serious biases (Barth
and Kallapur 1996).
The paper has also shown how to derive the distributions of various ratios, and presented
examples to compare the models with actual cross-sectional data. The ratio distributions are
highly non-standard and non-normal. In many cases they are so long-tailed that all moments are
infinite or undefined.
As an example of using the ratio distribution to probe the underlying processes, a long left tail in
the distribution of the profitability ratio EBIT/Assets for US manufacturers was linked to the
existence of a range in which the profitability direction is not mean-reverting. Over a range from
about -0.6 to 0.2, the evidence suggests that the profitability of US manufacturers follows a
process which is close to a random walk. For Japanese manufacturers, the direction is always
mean-reverting, and there is no long tail in the distribution of their profitability.
The approach does not work for pairs of variables, such as Net Income and Shareholders’ Equity,
where both variables can have either positive or negative signs. There is a fundamental problem
of periodicity in this case, which leads to unresolvable ambiguities about the process by which
the direction evolves.
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These findings suggest two kinds of future research. First, use of the approach in empirical
studies will help to understand the applicability and benefits of the direction as an alternative to
deflation. Second, if the idea can be extended to a multivariable framework, it would be possible
to deal with ratios such as return on equity (for example, using the joint evolution of the four
variables Assets, Liabilities, Revenue, and Expenses), and also to examine the mathematical
realism of current models, such as those used in earning management research, which make
assertions about the joint evolution of several accounting variables. However, this multivariable
extension will not be an easy task.
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Appendix A. Derivation of Equation (3)
The process is described by
dθ = –β (θ – ϕ) dt + σ dz
and so the equilibrium or steady-state distribution f(θ) is given by the steady-state
version of the Fokker-Planck equation (Cox and Miller 1965)
1 d2 2
d
σ f(θ)) – (–β(θ–ϕ) f(θ)) = 0
2 dθ2(
dθ

(A1)

Integrating equation (A1) once gives
df(θ) 2β
+ 2 (θ–ϕ) f(θ) = C1
dθ
σ

(A2)

where C1 is a constant of integration. Now define the integrating function
β

s(θ) = exp 2 (θ–ϕ)2
σ


so that
ds(θ) 2β
= 2 (θ–ϕ) s(θ)
dθ
σ

and

d
2β


s(θ)f(θ) ) = s(θ) f ´(θ) + s´(θ) f(θ) = s(θ)  f ´(θ) + 2 (θ–ϕ) f(θ)
(
dθ
σ



= C1 s(θ)

using (A2).

Thus s(θ) f(θ) = C1 ⌠
⌡ s(θ) dθ

or

θ
 β
⌠
 β

 β

f(θ) = C1 exp  – 2 (θ–ϕ)2 exp  – 2 (χ–ϕ)2 dχ + C2 exp – 2 (θ–ϕ)2
 σ
⌡
 σ

 σ

ϕ
= C1 D(

β
 β

(θ–ϕ)) + C2 exp – 2 (θ–ϕ)2
σ
 σ


on redefining C1 and substituting x =

β
(θ–ϕ) in equation (4).
σ
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Appendix B. Evaluation of Dawson’s Integral
Dawson’s integral is tabulated (Abramowitz and Stegun 1967, p. 319) and is available
in specialist programs such as Mathematica. However, computation is timeconsuming; and the integral of Dawson’s integral, required in order to compute the
normalization constant C1, is not readily available at all.
For this paper, I tabulated two auxiliary functions d1(x) and d2(x), defined for x
between 0 and 1 by
d1(x) = D(x/(1 – x))
x/(1-x)
d2(x) = ⌠
⌡ D(t) dt – ½ ln(1 – x)
0
These functions are smooth and finite, as shown in Figure 13. Thus

D(x)

and its

integral can easily be computed from d1(x/(1+x)) and d2(x/(1+x)), which in turn can be
found by interpolation in tables of d1 and d2.
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Figure 1. Scatter plot of (Total Liabilities, Total Assets) for US manufacturing firms
1989-2007. Values in millions of dollars. Also shows the polar-coordinate

19

0

100

200

300

400

500

600

700

800

900

1000

450
0

50

e

r

100

θ

150

200

250

300

350

Nonfinancial firms with SIC 2000-2999. 26965 data points.

TA

TA vs TL for USA 1989-2007

400

TL

500

representation.

Figure 2. Scatter plot of the year-to-year change in logarithmic size rt against rt for
US manufacturing firms 1989-2007. Based on variables Total Assets and
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Year-to-year change in logarithmic size rt against rt for US
manufacturing firms 1989-2007. Based on variables Total Assets and
Total Liabilities. Dashed line: linear regression. Heavy solid line:
270-point moving average. Light solid line: 270-point moving standard
deviation.
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Figure 5.

Year-to-year change in direction θ against θ for US manufacturing firms
1989-2007. Based on variables Total Assets and Total Liabilities.
Dashed line: linear regression. Heavy solid line:
270-point moving average. Light solid line: 270-point moving standard
deviation.
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Figure 8.

Year-to-year change in direction θ against θ for US manufacturing firms
1989-2007. Based on variables EBIT and Total Assets.
Dashed line: linear regression. Heavy solid line: 270-point moving
average. Light solid line: 270-point moving standard deviation.
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Figure 9.

Distribution of the debt ratio for US manufacturing firms 1989-2007.
Dots: histogram (scaled to total of 1; 200 bins of width 0.01). Solid line:
equation (6), parameters fitted by maximum likelihood.
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Figure 10.

Distribution of the debt/equity ratio for US manufacturing firms 19892007. Dots: histogram (scaled to total of 1; 200 bins of width 0.04). Solid
line: equation (9), parameters fitted by maximum likelihood.
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Figure 11.

Distribution of the profitability ratio EBIT/Assets for US manufacturing
firms 1989-2007. Dots: histogram (scaled to total of 1; 200 bins of width
0.006). Solid line: equation (7), parameters fitted by maximum
likelihood.
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Figure 12.

Distribution of the profitability ratio EBIT/Assets for Japanese
manufacturing firms 1989-2007. Dots: histogram (scaled to total of 1;
200 bins of width 0.006). Solid line: equation (7), parameters fitted by
maximum likelihood.
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Figure 13.

Auxiliary functions for computing Dawson’s integral and its integral..
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