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Abstract

We consider practical application of the sensitivity measure studied by Magnus
and Vasnev (2007). For this purpose we distinguish between absolute and relative
sensitivity and highlight the content dependent nature of the sensitivity analysis.
In this light the concepts are illustrated with the help of the European yield curve
example. Di!erent forecast models can be compared in terms of sensitivity to auto-
correlation and normality assumptions. Further the models can be combined with
adoptive weights based on sensitivity rather than the fit measure. We show that
this approach is beneficial.

1 Introduction

Many applied papers [reference a few] concentrate on the fit of the models and statistical
significance of the coe"cients. Sensitivity analysis is often not reported or overlooked.

Figure 1 shows potential danger of this practice. The sample is given by three points
(x1, y1), (x2, y2) and (x3, y3) and two models are fitted for the sample. Flat line (given by
the average value of the dependent variable y = (y1+y2+y3)/3) provides minimal fit, but
it is not sensitive to autocorrelation, non normality or any other model assumption. The
other model provides the perfect fit, but can be used only in a very small neighborhood
of the sample points. It is unstable outside the data range [x1, x3], but even within
the data range it produces unjustified values that are bigger than the maximum in the
observed data. In this situation the simple non sensitive model is more reliable.

In other situations one might be interested in a model with the highest sensitivity.
For example if a model is designed to detect a crisis or abnormalities on the market, we
would like to detect it as soon as possible.

[Reference forecast combination]

2 Sensitivity overview

[Summarize the latest developments in the sensitivity area.]
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Figure 1: Simple example.

Magnus and Vasnev (2007) introduce local sensitivity through a Taylor expansion.
If the variable (or parameter) of interest, y, depends on the nuisance parameter !, then
in addition to two commonly used cases of restricted and unrestricted estimators one
can look at the whole sensitivity curve given by the estimates of y for each fixed value
of !. Without loss of generality we can assume that the restricted estimator !y is given
by setting ! = 0. If the sensitivity curve is denoted as !y(!), then its Taylor expansion
at the restricted point is given

!y(!) = !y(0) + S ! ! + ..., (1)

where

S =
"!y(!)
"!

""""
!=0

(2)

is the first derivative at the restricted point ! = 0 and is called local sensitivity statistic
or simply sensitivity.

Magnus and Vasnev (2007) show that under certain conditions sensitivity and the
most common diagnostic tests are asymptotically independent. They also show that the
conditions are satisfied in the case of mean, variance and distribution misspecifications.
In other words sensitivity analysis is important as it brings information not contained
in diagnostic.

3 When is sensitivity ‘large’ or ‘small’? Context depen-

dent sensitivity

The next natural question is how to use sensitivity in practice or at least how to decide
when sensitivity is small or large. Ideally we would like a certain threshold similar to
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the ones commonly used in diagnostic such as 1%, 5% or 10% significance levels for
testing hypothesis. If a model has sensitivity below the threshold we can label it as not
sensitive, otherwise we can label it as sensitive.

Unfortunately such a universal threshold probably does not exist. Sensitivity should
be looked at in a context. For example if the temperature outside changes one degree,
most of us hardly notice that. In control environments in medicine or chemistry a fraction
of a degree is already too much. Another example is from finance where changes on stock
market around 1% are routine events, but yield fluctuations in fixed income products are
measured in basis points (100bp=1%) as changes around 5bp considered to be normal.

The perception whether sensitivity is large or small also depends on the scale of the
estimated quantity of interest !y. For example if !y represents personal expenditure then
the change of 100 dollars is substantial, if !y represents national savings then 100 dollar
change is negligible. This issue can be addressed with relative change (except when !y is
close to zero).

4 Absolute sensitivity

If one is interested in absolute sensitivity then there are several considerations to keep
in mind. First, sensitivity threshold, #, should be determined in advance (just like the
significance level). Second, as Figure 2 shows there are two components of importance

!

!y(0)

!y(!)
!y(0) + S!

!y(!)

Figure 2: Sensitivity approximation.

when the sensitivity curve !y(!) is approximated by the first order Taylor expansion. The
change in !y is approximated with the direction S and the magnitude !. Therefore in
order to determine # we need two bounds

1. an upper bound for the nuisance parameter ! that represents our worst case sce-
nario in the direction given by !,

2. a bound for the quantity of interest #y that we are able to tolerate.

This will give a threshold for sensitivity

# = #y/!, (3)
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so when |S| < # we can call it small, that is if the worst case scenario ! is realized, the
change in !y is less than our tolerance #y.

5 Relative sensitivity

Generally sensitivities of di!erent models in di!erent directions are not comparable. One
exception is if the direction is the same. For example, if we have two models !y1 and !y2
that predict (or estimate) the same thing, then their sensitivities in the same direction
(!) are comparable. Figure 3 gives an illustration. In this situation the comparison of

!

!y1(0)

!y1(!)
!y1(0) + S1!

!y1(!)

!y2(0)
!y2(!)

!y2(0) + S2!

!y2(!)

Figure 3: Sensitivity comparison of two models.

changes in y approximated by S1 ! and S2 ! is equivalent to the comparison between the
sensitivities S1 and S2. In other words, if |S1| < |S2| then model 1 is less sensitive as
it will produce a smaller change in y when ! deviates from zero. In some situation the
sign might be of importance as well.

6 Yield curve example

Since sensitivity is context dependent, the concepts introduced above will be demon-
strated with the help of the yield curve.

Yield of a zero coupon bond is the rate that equates the current price of the bond
and the discounted principal repayment. In mathematical terms the yield, y, solves the
equation

Z = (1 + y)TP, (4)

where Z is the current price, P is the principal and T is the maturity of the bond.
[This is simplified picture, comment on bootstrapping yield curve and reference lit-

erature here]
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Figure 4: Euro yields.

6.1 Absolute sensitivity

The 1-year yield in December 2011 is 0.21%. In this context the natural tolerance bounds
would be #1 = 1bp (0.01%) and #2 = 10bp (0.1%). Further generic notation # is used.
The reference interval for absolute sensitivity analysis of the forecast/estimator !y is given
by

!y ±#. (5)
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Figure 5: Euro yield curve dynamic.

[Q: What is the relationship between model uncertainty interval !y±# and confidence
interval !y ± se]

The natural directions for sensitivity analysis in this example are

5



1. autocorrelation in the model error term, which can be captured by sensitivity in
AR(1) direction introduced by Banerjee and Magnus (1999),

2. asymmetry in the error distribution as the yield cannot go negative, which can be
captured by sensitivity to skewness introduced by Magnus and Vasnev (2007).

If sensitivity in a particular direction ! is given by S, then to answer the question
of absolute sensitivity, i.e. whether sensitivity is ’large’ or ’small’, one has to compare
|S ! !| and #.

[Q: The diagnostic side is completely ignored here when the upper bound ! is intro-
duced. Is !! important here?]

6.2 Relative sensitivity

If we have predictions from two models !y1 and !y2, one sensitivity direction ! that pro-
duces sensitivities for those models S1 and S2, then we can compare |S1| and |S2| (or
equivalently |S1 ! !| and |S2 ! !|).

[Q: Sign is completely neglected here. Is it important?]
[Q: We have two reference points here !y1 and !y2. If the sensitivity bound is given as

percentage which reference point to use?]
[Q: There is diagnostic for !y1 = !y2. Is it important here?]

6.3 Model/forecast combination

One natural application where many models are used for predicting the same thing is
forecast combination.

When we combine the output of two models !y1 and !y2 with the weight 0 " w " 1

!yc = w!y1 + (1# w)!y2, (6)

the sensitivity of the combination is given by

Sc = wS1 + (1# w)S2. (7)

Figure 6 shows a potential benefit of the combination. When the sensitivities of two
models have di!erent signs, they will compensate each other and the combination can be
not sensitive. In other words the sensitivity of the combination is less than the average
sensitivity

|Sc| " w|S1|+ (1# w)|S2|. (8)

If sensitivities of di!erent models have opposite signs, S1 < 0 < S2, we will observe
compensation, that is S1 < Sc < S2. More general result

minSi " Sc " maxSi

holds when we have more than two models combined in a linear way with non negative
weights that sum up to one.
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Figure 6: Sensitivity of the average of two models.

For the yield curve the sign of change is important. For borrowers ’+’ is bad and ’-’
is good, for lenders the other way around.

This can provide a possible explanation of good performance of the forecast com-
bination in applications. The combination is always less sensitive than the individual
models. In fact the weight can always be chosen to make the combination not sensitive.
If w = S2/(S2 # S1) given that it is non negative and less than 1, the sensitivity of the
combination Sc = 0.

6.4 Sensitivity dependent weights

In applications the weight is usually determined with a fit measure, but one can introduce
weights based on sensitivity

w =
1/|S1|

1/|S1|+ 1/|S2|
, (9)

so the model with lower sensitivity will get a higher weight in the combination. In this
case the sensitivity of the combined model will be

Sc =
S1/|S1|+ S2/|S2|

1/|S1|+ 1/|S2|
. (10)

If the sensitivities have opposite signs, then Sc = 0. In the case when 0 < S1 < S2 we
have

Sc = 2
S1S2

S1 + S2
(11)

and S1 < Sc < S2. A similar result can be derived for the case when S1 < S2 < 0.
If the weight proportional to sensitivity are chosen

w =
|S1|

|S1|+ |S2|
, (12)
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then the model with higher sensitivity will get a higher weight in the combination. In
this case the sensitivity of the combined model will be

Sc =
S1|S1|+ S2|S2|

|S1|+ |S2|
. (13)

If the sensitivities have opposite signs S1 < 0 < S2, then Sc = S1+S2 and will be bound
by the individual sensitivities S1 < Sc < S2. In the case when 0 < S1 < S2 we have

Sc = S1 + S2 # 2
S1S2

S1 + S2
(14)

and the bounds remain valid S1 < Sc < S2.
If equal weights are used then the sensitivity of the combination will be exact average

Sc = (S1 + S2)/2.
Alternatively, one can combine fit and sensitivity. If the fit is measured by the root

mean squared forecasting error (RMSFE) then one possibility is to define weight as

w $ 1/RMSFE1 + 1/|S1|. (15)

More generally w can be defined as a function w(RMSFE1, S1) which is non increasing
in the first argument and can be non increasing (or non decreasing in some situations)
in the second argument.

6.5 Two directions

[Leave it for last]
One model to estimate !y, two sensitivity directions !1 and !2 (with sensitivities S1

and S2). For absolute sensitivity one has to compare |S1 % !1 + S2 % !2| and #.
[Insert figure 4 here]

7 Empirical illustration

7.1 Data

We extend the data set used in Magnus and Vasnev (2008) to include the latest available
observations. [Currently the dataset is not updated]. The European yield curve for the
maturities from 1 to 15 years is forecasted with the help of macro and financial variables.

HICP: Inflation is captured by the consumer price indices, which are measured for each country
separately and further combined in one harmonized index. We use the harmonized index
provided by Eurostat. The series contains a unit root, so we use its year-on-year log change
and denote it as HICP.

IDOP: Producer prices are reflected in the index of industrial domestic output prices. It contains
a unit root, so we use its year-on-year log change, which we denote as IDOP.
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GWS: As an analogue of the nonfarm payrolls in the US, we use the seasonally-adjusted index
of gross wages and salaries of total industry excluding construction. The series is again
non stationary and we use its year-on-year log change, which we denote as GWS.

HUNE: Unemployment is measured by the seasonally-adjusted harmonized unemployment in-
dex of all age classes including males and females, which we denote as HUNE. Similar to
the price index it is measured for each country separately and then combined into one
harmonized measure using the weighted sum transformation.

RTT: The condition of industry and services is reflected by the seasonally-adjusted retail trade
turnover index. The unit root in the series is removed in the standard way using the
year-on-year log change, which we denote as RTT.

DUR: The seasonally adjusted index of the industrial production of consumer durables is dif-
ferentiated in order to remove the unit root and denoted DUR.

IND: Stationary adjusted version of the industrial production index for the total industry
excluding construction we denote as IND.

DR: The relation between the o"cial deposit rate (DR), the o"cial refinancing operation rate
(REF), and the o"cial lending rate (LOAN) is kept fixed1 by the Central Bank with a
gap of 1%. Therefore we arbitrarily choose DR for our analysis.

EURIBOR, LIBOR: To account for other possibilities for investment we include money market
short-term interest rates EURIBOR for euro contracts and LIBOR for interbank loans in
London. The LIBOR is taken because of the high influence this market has on the whole
of Europe.

GBP, USD: We also include the exchange rate for the most important currencies: Pound Sterling
(GBP) and United States Dollar (USD). In this way we take into account international
competition for investments.

SPRD: Piazzesi and Swanson (2004) find the yield spreads particularly useful for the analysis.
We include three of them: the spread between 2 and 1 year yields (SPRD2,1), between 5
and 2 years (SPRD5,2), and between 10 and 5 years (SPRD10,5).

For forecast combination the following models are available

1. model with all monthly variables [not considered in the current version],

2. model with monthly variables selected with diagnostic [not considered in the cur-
rent version],

3. model with monthly and quarterly data as in Magnus and Vasnev (2008) [not
considered in the current version],

4. univariate monthly models,

5. quantitative finance models [not considered in the current version].

For forecast combination we can use
1with the exception Jan – Mar 1999 when the gap between REF and LOAN was 1.5%
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1. equal weights,

2. fit based weights,

3. sensitivity based weights,

4. fit and sensitivity based weights [not considered in the current version].

7.2 Sensitivity to AR(1) misspecification

Sensitivity statistic for the OLS estimator can be found in Magnus and Vasnev (2007).
It gives the following sensitivity statistic of the forecast !yf = x!f

!$ computed at the point
of interest x!f

SAR(1)
!yf

= x!fS
AR(1)
!"

= x!f (X
!X)"1X !T (1)My, (16)

where X is the matrix of the regressors and y is the vector of dependent variable used
to compute the OLS estimator !$, T (1) is the Toeplitz matrix (it has ones next to the
main diagonal and zeros everywhere else), M = In #X(X !X)"1X !.

Figure 7 shows the sensitivities of univariate models and of the equal weight com-
bination across the out-of-sample forecast period. As expected the sensitivity of the
combination behaves smother than the individual models. The most extreme behavior
is exhibited by the model with RTT.
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Figure 7: Sensitivity to AR(1) of the univariate models and the equal weight combination
for 3 year maturity.

Table 1 shows the out-of sample RMSFE of the forecast combinations of univariate
models with equal weights, with weights based on the fit, with the weights proportional
to the sensitivity of the univariate model, and with the weights inversely proportional to
the sensitivity. The conclusion is that for short maturities the weights proportional to
sensitivity perform best, for the medium maturity the fit is important, and for the long
term weights inverse proportional to sensitivity are better.
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maturity equal weights w $ 1/RMSFE w $ |SAR(1)| w $ 1/|SAR(1)|
1 0.739 0.632 0.533 0.860
2 0.764 0.690 0.597 0.813
3 0.748 0.687 0.618 0.747
4 0.725 0.671 0.625 0.699
5 0.701 0.652 0.625 0.687
6 0.678 0.632 0.622 0.627
7 0.658 0.615 0.616 0.614
8 0.641 0.600 0.608 0.615
9 0.628 0.589 0.601 0.614
10 0.618 0.581 0.596 0.604
11 0.611 0.576 0.592 0.598
12 0.605 0.572 0.588 0.580
13 0.601 0.571 0.586 0.550
14 0.598 0.570 0.583 0.553
15 0.596 0.570 0.581 0.552

Table 1: RMSFE of forecast combinations with di!erent weights. The best performing
weight for each maturity is shaded.

7.3 Sensitivity to skewness

Sensitivity statistic for the OLS estimator can be found in Magnus and Vasnev (2007).
It gives the following sensitivity statistic of the forecast !yf = x!f

!$ computed at the point
of interest x!f

Ssk
!yf

= x!fS
sk
!"

= #
1

2
x!f!%(X !X)"1

n#

i=1

(!&2i # 1)xi, (17)

where !% is the OLS estimator of standard deviation, !& is the vector of normalized residuals
!& = My/!% with the elements labeled by the subscript i, x!i represents the i-th row of
matrix X.

Figure 8 shows the sensitivities of univariate models and of the equal weight combi-
nation across the out-of-sample forecast period. Again the combination is smother than
the individual models.

Table 2 shows the the weights proportional to skewness sensitivity outperform other
weights.

8 Conclusion

[will follow]
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Figure 8: Sensitivity to skewness of the univariate models and the equal weight combi-
nation for 3 year maturity.
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maturity equal weights w $ 1/RMSFE w $ |SAR(1)| w $ 1/|SAR(1)| w $ |Ssk| w $ 1/|Ssk|
1 0.739 0.632 0.533 0.860 0.478 1.003
2 0.764 0.690 0.597 0.813 0.567 0.930
3 0.748 0.687 0.618 0.747 0.597 0.910
4 0.725 0.671 0.625 0.699 0.605 0.939
5 0.701 0.652 0.625 0.687 0.612 0.821
6 0.678 0.632 0.622 0.627 0.613 0.795
7 0.658 0.615 0.616 0.614 0.608 0.745
8 0.641 0.600 0.608 0.615 0.597 0.731
9 0.628 0.589 0.601 0.614 0.584 0.721
10 0.618 0.581 0.596 0.604 0.572 0.717
11 0.611 0.576 0.592 0.598 0.561 0.702
12 0.605 0.572 0.588 0.580 0.551 0.702
13 0.601 0.571 0.586 0.550 0.543 0.699
14 0.598 0.570 0.583 0.553 0.538 0.693
15 0.596 0.570 0.581 0.552 0.534 0.687

Table 2: RMSFE of forecast combinations with di!erent weights. The best performing
weight for each maturity is shaded.
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