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INTRODUCTION 
Credit risk and corporate bankruptcy prediction research has been
topical now for the better part of four decades…

In recent years, the much publicized collapses of many large global  
corporations, including Enron, Worldcom, Global Crossing, Adelphia 
Communications, Tyco, Vivendi, Royal Ahold, HealthSouth, and, in
Australia, HIH, One.Tel, Pasminco and Ansett (just to mention a few), 
has highlighted the significant economic, social and political costs associated 
with corporate collapses.  

Just as it seemed these events were beginning to fade from the public mind, 
disaster has struck again.  The recent collapse of the ‘sub-prime’ mortgage 
market in the United States, and the subsequent collapse of worldwide equity 
and bond markets has lead to many fears of an impending international liquidity 
and credit crisis, which could affect the fortunes of many financial institutions 
and corporations for many more months to come. 
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These events have tended to reignite interest in various aspects of 
corporate distress and credit risk modelling, and more particularly the 
credit ratings issued by the Big Three ratings agencies (Standard and
Poor’s, Moody’s and Fitches). At the time of Enron and Worldcom, the 
roles and responsibilities of auditors were the focus of public attention.  

However, in the sub-prime collapse, credit rating agencies are in the 
spot light.  

At the heart of the sub-prime scandal have been the credit ratings 
issued for many collateralized debt obligations (CDOs), particularly 
those CDOs having a significant exposure to the sub-prime lending 
market.  
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It is clear that distress forecasts and credit scoring models are now being 
used increasingly and for range of evaluative and predictive purposes, not 
merely the rating of risky debt instruments and related structured credit 
products.  

These purposes include the monitoring of the solvency of financial and other 
institutions by regulators (such as APRA in Australia), assessment of loan 
security by lenders and investors, going concern evaluations by auditors, the 
measurement of portfolio risk, and in the pricing of defaultable bonds, credit 
derivatives and other securities exposed to credit risk. 

The topics covered in our volume include probit models (in particular 
bivariate probit modelling), advanced logistic regression models (in particular 
mixed logit, nested logit and latent class models), survival analysis models, non 
parametric techniques (particularly neural networks and recursive partitioning 
models), structural models and reduced form (intensity) modelling. 
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Forecasting Corporate Bankruptcy: The Mixed Logit

Model (and its variant the Latent Class Model)
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PREVIOUS RESEARCH
• Mainly two state models (i.e. failure vs. nonfailure)
• Relatively simple econometric techniques (MDA, binary logit)
• Research overwhelmingly focused on predictive performance on a holdout 

sample
• Type I and Type II errors tend to be very high when models applied out-of-

sample
• Limited development of explanatory variables (e.g., operating cash flows only 

examined in recent research)
• Important developments in discrete choice modelling largely overlooked
• Advanced discrete choice models can take a number of forms (sometimes 

referred to as non-IID models):
• Multinomial nested logit
• Latent class MNL
• Multinomial probit models
• Mixed logit/probit models

• Curiously, the accounting and finance literatures appear to have overlooked 
these powerful modelling techniques 
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ADVANCED CHOICE MODELS

• These models all differ in subtle but important ways. 
• Derived from assumption about the error structure or unobserved 

influences.
• For example, nested logit allows for correlation among sets of 

alternatives, but assumes the IID condition (independent and 
identically distributed errors) across alternatives

• Probit models assumes inverse of cumulative normal distribution for 
error structure.
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Mixed logit is the most general of advanced probability models (more 
general than mixed multinomial probit). 

It has the greatest promise in terms of:

– Underlying behavioural realism (complete relaxation of the IID and 
IIA assumptions).

– Incorporates firm-specific observed and unobserved heterogeneity 
into model estimation (i.e., random parameter estimates)

– Greater explanatory/predictive value

– Greater behavioural responsiveness out-of-sample (i.e., elasticity 
effects)

MIXED LOGIT MODEL
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IIA ASSUMPTION

– IIA (independence of irrelevant alternatives) also untenable in 
multinomial bankruptcy research.  

– IIA implies that an increase/decrease in the probability of one 
alternative is assumed to increase/decrease proportionately the 
probability of all other alternatives.

– Consider a distressed firm that can deal with its financial distress 
by either (i) finding a merger partner, (ii) entering into 
administration (outright failure) or (iii) continue on in a diminished 
financial capacity.

– In practice, distressed firms who seek out but fail to find a merger 
partner often enter into administration. Hence, reducing the 
probability of finding a distressed merger is likely to increase, 
disproportionately, the probability of an outright failure relative to 
the “status quo” alternative. 
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DERIVIATION OF THE MIXED LOGIT MODEL

• We assume that a sampled firm (q=1,…,Q) faces an outcome amongst I
alternatives in each of T choice or outcome situations

Uqit = ßqXqit + eqit

Uiq = β′xiq + [ηiq +εiq] 
where 

• ηiq is a random term with zero mean whose distribution over firms and 
alternatives depends on underlying parameters and observed data 
relating to alternative i and firm q; and 

• εiq is a random term with zero mean that is iid over alternatives and does 
not depend on underlying parameters or data. 

• For any specific modelling context, the variance of εiq may not be 
identified separately from β, so it is normalised to set the scale of utility. 
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CONDITIONAL OUTCOMES

• The Mixed Logit class of models assumes a general distribution for η
and an iid extreme value distribution for ε. That is, η  can be normal, 
lognormal, triangular, uniform, Rayleigh – constrained or 
unconstrained etc. 

• Denote the density of η by f(η|Ω) where Ω are the fixed parameters of 
the distribution. 

• For a given value of η, the conditional choice probability is logit, 
since the remaining error term is iid extreme value     
Li(η) = exp(β′xi + ηi) / ∑jexp(β′xj + ηj)
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DERIVIATION OF MIXED LOGIT MODELS

• Since η is not given, the (unconditional) choice probability is this logit 
formula, integrated over all values of η weighted by the density of η, is: 

Pi=∫Li(η) f(η|Ω)dη

• Models of this form are called mixed logit because the choice 
probability is a mixture of logits with f as the mixing distribution. The 
probabilities do not exhibit IIA, and different substitution patterns are 
obtained by appropriate specification of f
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Mixed logit is a potentially valuable innovation for accounting research – but we 
must be aware of pitfalls in its use in order to optimize the performance of this 
model

Some important issues to consider:

1. The distribution assumptions imposed on random parameters 
and how these can impact on model performance; 

2. How to effectively incorporate prior information in model 
estimation and prediction; 

3. Developing an appropriate sampling methodology for mixed 
logit models; and 

4. Evaluating random parameter model stability and the selection 
of random parameters to include in model estimation.
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Firm failure is modelling in three mutually exclusive states:

State 0: Non-failed firms; 

State 1: Insolvent firms (e.g., debt/equity restructure to alleviate debt
burden; credit default);

State 2: Firms who filed for bankruptcy followed by the appointment of 
receiver managers/liquidators

(We have investigated distressed mergers in other recent papers).

METHODOLOGY
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Two samples for the purposes of model estimation and validation are 
used: 

– The estimation sample is based on firm financial distress data 
collected between 1996 and 2000 and 

– A validation sample was collected for the period 2001-2003 

• Estimation sample: 2838 firms nonfailed state, 78 firms years in the 
insolvent state and 116 firms years in the outright failure category

• Validation sample: 4980, 119, 110 firm years respectively for 
nonfailure, insolvent and outright failure states

SAMPLE
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DEFINITION OF VARIABLES

• Net operating cash flow by total assets
• Net operating cash flow by sales revenue
• Net operating cash flow by annual interest payments
• Total debt by gross operating cash flow
• Cash, deposits and marketable securities by total assets
• Cash, deposits and marketable securities by current liabilities
• Current assets by current liabilities
• Working capital (current assets – current liabilities) by total assets 
• Total debt by total equity
• Total liabilities to total equity
• Total debt to total assets
• Market value of equity by total debt 
• Total liabilities to total assets
• Reported EBIT by annual interest payments



17

DEFINITION OF VARIABLES (cont)…

• Reported EBIT by total assets
Return on equity

• Return on assets
• Annual growth in sales revenue 
• Total sales revenue by total assets 
• Retained earnings by total assets 
• Annual growth in retained earnings 
• Contextual Variables 
• Industry Classification: New_econ If a new economy firm coded 1, 0 

otherwise
• Resource If a resources firm coded 1, 0 otherwise
• Old_econ If an old economy firm coded 1, 0 otherwise
• Finance If a financial services firm coded 1, 0 otherwise
• Size Variable: Natural log of total assets 
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RANDOM PARAMETER DISTRIBUTIONS ASSESSED 
FOR THE OML MODEL:

(i) Normal 
(ii) Triangular
(iii) Uniform
(iv) Lognormal
(v) and many more (e.g., Rayleigh)
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We found that the triangular distribution delivered the best 
overall goodness-of-fit 
The log-likelihood for the OML decreased from -2057 (assuming 
no information other than random shares) to -802. 
Unobserved heterogeneity, which is captured by the standard 
deviation parameters, is statistically significant for three financial 
variables (see Table 1 results).  
Marginal effects statistically significant and with consistent and 
logical signs

EMPIRICAL RESULTS: ANALYTICAL DISTRIBUTIONS
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Empirical Results

7860Sample size

-802.8Log-likelihood at convergence

-2057.4Log-likelihood at zero

1.286 (9.29)Mu(12)μ

0Mu(01)μ

Threshold Parameters:

.0581 (1.80)Cash resources to total assets*Resources

Heterogeneity in means:

.0166 (3.544)Total debt to equity

.0350 (3.44)Net operating cash flows to total assets

.2446 (4.168)Cash resources to total assets

Standard deviations of random parameters:

-.0002 (-.115)Total debt to equity

-.01978 (-4.38 )Net operating cash flows to total assets

-.0916 (-2.927)Cash resources to total assets

Random parameter means:

-.9546 (-2.259)Resources firm (1,0)

-.0030 (-3.060)Cash flow cover

-.0055 (-8.56)Working capital to total assets

-2.687 (-15.13)Constant

Fixed parameters:

Parameter Estimates (t-values)Variables

Table 1 Random & Fixed Estimates for Final Ordered Mixed Logit Outcome
Model (50 Halton draws)
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-.0000028(-.55)-.000007 (-.581).0000056 (.581)Total debt to total equity

-.00014 (-2.85)-.00035 (-3.79).0005 (3.767)Net operating cash flow to total assets

-.00066 (-4.58)-.01282 (-2.96).00232 (4.52)Cash resources to total assets

-.0051 (-2.83)-.01282 (-2.96).01792 (2.95)Resource sector (1,0)

-.0000224(-2.16)-.0000558(-2.62).0000783(2.61)Cash flow cover

-.0000402 (-3.56)-.0000999 (-5.1).00014 (5.03)Working capital to total assets

(t-values)(t-values)(t-values)

Prob (Y=2)Prob (Y=1)Prob (Y=0)Variables

(Based on a Sample which Approximates Actual Failure Rates)

TABLE 2 Panel A: Marginal Effects for Significant Covariates 
in Final Ordered Mixed Logit
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EMPIRICAL RESULTS: PREDICTIVE PERFORMANCE

• Prediction outcomes can be based on conditional or unconditional
distributions. 

• Conditional distributions are conditioned on knowledge of the 
outcomes from the sample of firms used in model estimation.

• Table 3 displays the forecasting accuracy of the OML model on our
validation sample using both unconditional and conditional 

distributions. 
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1.61%0.74%2.07%0.94%96.30%98.30%CD

1.61%1.35%2.07%1.36%96.30%97.20%UD

PredictedActualPredictedActualPredictedActualCondition

Outright Failure (2)Insolvent (1)Nonfailure (0)

Fifth reporting period prior to failure

2.10%0.49%2.50%0.53%95.20%98.97%CD

1.78%1.84%1.89%1.41%96.30%96.70%UD

PredictedActualPredictedActualPredictedActualCondition

Outright Failure (2)Insolvent (1)Nonfailure (0)

Third reporting period prior to failure

1.74%0.78%2.10%0.85%96.10%98.30%CD

1.70%2.30%2.10%1.60%96.10%96.04%UD

PredictedActualPredictedActualPredictedActualCondition

Outright Failure (2)Insolvent (1)Nonfailure (0)

Last reporting period prior to failure

1.90%0.63%2.19%0.76%95.80%98.60%CD

1.90%1.50%2.10%1.40%95.80%96.97%UD

PredictedActualPredictedActualPredictedActualCondition

Outright Failure (2)Insolvent (1)Nonfailure (0)

Pooled Data (Reporting Periods 1-5)

TABLE 3 Forecasting Performance of Final Ordered Mixed Logit Model with 
Conditional and Unconditional Distributions across Distress States 0-2.
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Empirical Results: Impact of Sampling Methodology 
on Model Estimation

• Much previous research have relied on choice based (non-random) 
samples, often using match-pair designs.

• Complex model structures, such as mixed logit, appear to be much 
more sensitive to sampling methodology.

• We compared the performance of the estimated model in Table 1 (which 
is based on a failure frequency rate close to actual population rates) 
with a series of OML models estimated using match-pair samples.

• Match-pair samples significantly undermine the performance of mixed 
logit models as well as affecting the significance of parameter estimates.  

• Overall goodness-of-fit for the mixed logit model was also much poorer 
(the log-likelihood ratio only decreased from -567 to -576 for the match 
pair sample.
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EMPIRICAL RESULTS: ASSESSING THE STABILITY OF 
THE MIXED LOGIT MODEL

• Debate in the literature over the number of random draws required for 
mixed logit estimation (important issue as can impact on processing 
time and estimation reliability) 

• In order to evaluate the estimation precision or stability of the model we 
re-estimated the model several times using different numbers of Halton
intelligent draws.

• We compared the model-fit summary for each random draw and the 
marginal effects for the covariates reported in Table 1 across several 
draw sequences ranging from 50 random draws to 1,000 draws.

• We find that the log-likelihood at convergence is virtually unchanged 
across the number of draws, suggesting that the model in Table 1
(which uses only 50 draws) has a high level of stability across random 
draws. 



26-0.77-0.768-0.795-0.591-0.537Total debt to total equity

-7.89-7.89-7.8-7.81-7.99Net operating cash flow to total assets

-14.82-14.92-15.54-16.9-16.01Cash resources to total assets

-5.58-5.59-5.57-5.61-5.64Resource sector (1,0)

-5.24-5.23-5.2-5.13-5.09Cash flow cover

-7.22-7.22-7.14-7.15-7.17Working capital to total assets

100050020010050Y=2(outright failure)

-0.753-0.751-0.777-0.581-0.529Total debt to total equity

-8.45-8.44-8.37-8.37-8.58Net operating cash flow to total assets

-10.15-10.19-10.5-11.28-10.75Cash resources to total assets

-5.1-5.1-5.1-5.14-5.16Resource sector (1,0)

-5.51-5.51-5.49-5.4-5.36Cash flow cover

-7.38-7.39-7.33-7.32-7.36Working capital to total assets

100050020010050Y=1 (insolvency)

0.750.750.770.5810.529Total debt to total equity

8.48.368.318.328.52Net operating cash flow to total assets

10.1210.1710.4711.2310.71Cash resources to total assets

5.15.115.115.155.17Resource sector (1,0)

5.55.55.475.395.35Cash flow cover

7.347.357.287.287.32Working capital to total assets

100050020010050Y=0 (nonfailure)

-803.008-803.044-803.026-802.594-802.824Log-likelihood at convergence

TABLE 5 Log-likelihood ratio and  t-values of Marginal Affects for 
Covariates Across Varying Numbers of Halton Draws
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CONCLUSIONS

• Mixed logits have some limitations:

– They are computationally challenging and can have complex 
interpretation.

– High quality data constraints.

– Assumptions must be imposed on the distribution for random 
parameters.

– Lack of a single set of globally optimal parameter estimates (i.e., due 
to the requirement for simulated maximum likelihood) 
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CONCLUSIONS
• However, the advantages are compelling:

– Complete relaxation of the highly restrictive IID and IIA conditions.

– Allows for a high level of behavioural definition and richness to be 
specified in model estimation.

– Includes additional estimates for random parameters, heterogeneity 
in means and decompositions in variances (these influences are 
effectively treated as ‘white noise’ in basic models).

– Tend to be more behaviourally responsive out-of-sample than 
standard models


